Abstract. In the context of six-dimensional supergravity there is a special class of parent models for five-dimensional theories defined by the four Euclidean simple Jordan algebras of degree 3. We extend this result to include six-dimensional parent models for three infinite families of five-dimensional theories defined by Minkowskian Jordan algebras. Connections of the sixdimensional models to F-theory constructions are constrained by anomaly cancellation conditions and the structure of the six-dimensional theory gauge group.
Introduction
In the past decades N = 2, D = 5 supergravity has been studied both independently [1, 2, 3] and also as part of the very popular brane world models [4, 5, 7, 6, 8] .That was motivated partly by the fact that certain M-theory compactifications seem to suggest theories which appear five-dimensional at a certain intermediate length scale [9] .
Among the five-dimensional theories, Magical Supergravities [10, 11, 12 ] is a very special class whose symmetries correspond to symmetries and underlying algebraic structures of the remarkable geometries of the Magic Square [13] . In five dimensions these theories describe the coupling of N = 2 supergravity to 5,8,14 and 26 vector multiplets and are the unique Maxwell-Einstein supergravity theories (MESGT) with symmetric target spaces. They are associated to the Euclidean Jordan algebras of degree three over the four division algebras R, C, H, O. In addition, in five dimensions, there exist three infinite families plus an exceptional one unified MESGT defined by Minkowskian Jordan algebras [14] .
In D = 6 the magical theories are parent theories from which all magical theories in D = 5 (and also D = 4, 3) can be obtained by dimensional reduction.
Since their discovery, higher dimensional and/or stringy origins of magical supergravity theories have been of great interest. Although higher dimensional constructions for some of the magical supergravities are known [15, 16, 17, 18, 19, 20] , a full treatment is obscured by the anomaly cancellation conditions and the (abelian) nature of vectors in the six-dimensional magical theories. We will comment on the possibilities of embedding magical supergravities into a higher dimensional framework in more detail, to the last section.
Based on talk given at StringMath 2011, Philadelphia. Next, we review briefly the structure of the magical models in D = 5 and their parent theories in D = 6. We extend the results of [15] to include parent theories in six dimensions for the Minkowskian Jordan five-dimensional models which are constrained by the anomaly cancellation condition.
In the last section we review briefly facts and constraints of higher dimensional proposals for the magical models and comment on new possibilities based on an F-theory approach [21, 22, 23] 2. N = 2, D = 5 Magical Supergravities A 5D N = 2 MESGT [1, 2, 3] describes the coupling of pure 5D, N = 2 supergravity to an arbitrary number,ñ, of vector multiplets. The field content of the theory is:
where e The bosonic part of the Lagrangian is:
Theñ target space M of the scalar fields φx can be represented as a hypersurfacre defined by the cubic polynomial 
whereñ is the number of vector multiplets. Under the isometry groups SL(3, R) SL(3, C), SU * (6), E 6(−26) of the scalar manifold M the 6,9,15,27 vector fields transform irreducibly.
The general element of the Jordan algebra J A 3 can be decomposed in terms of the J A 2 subalgebra as:
where Ψ(A) is a two-component spinor over A, x ∈ R Elements of J 
Minkowskian Jordan algebras
Non compact analogs J A (q,n−q) of the Euclidean Jordan algebras J A n over the division algebras R, C, H for n 3 and of J O 3 are realized by matrices X that are hermitean with respect to a non-Euclidean metric (q, n − q):
We consider Minkowskian Jordan algebras J N ) ) [14] . There exist three infinite families of Minkowskian Jordan algebras for R, C, H (N ≥ 2) and one single MESGT based on the octonionic Minkowskian Jordan algebra J (1, 2) . In Table 1 ,we list the Minkowskian Jordan algebras as they appear in [14] . D denotes the dimension of the Jordan Minkowskian algebra,ñ is the number of vector fieldsñ : D =ñ + 2.
The choice of the Minkowskian signature of the metric η = (+, −, −, ...−) ensures the positivity of the quantitiesåĨJ and gxỹ which in their turn ensure the positivity of the kinetic terms of the vector fields and scalars, leading to a physically acceptable MESGT.
Three of the above Minkowskian Jordan algebras are equivalent to the three magical MESGT's:
In that case, the cubic polynomials V(h) of the equivalent theories agree [14, 29] .
4. N = (1, 0) Six Dimensional Supergravity 4.1. N = (1, 0) six dimensional supergravity field content. The field content of the chiral N = (1, 0) supergravity coupled to n T tensor multiplets, n V vector multiplets and n H hypermultiplets [24, 25, 26, 27 ] is the following:
with M = 1, ...., n T , x = 1, ...., n V , α = 1, ...., 2n H , α = 1, ..., 4n H and A = 1, 2 is the U Sp(2) index of the fermions which are symplectic Majorana. The n T scalars in the tensor multiplets parametrize the coset space SO(1, n T )/SO(n T ). The vectors and the gauginos are in the adjoint representation of the gauge group. The scalars φ M parametrize a quaternionic manifold M Q .
6D parent theories of the magical supergravities.
The magical supergravities defined in section 2, can be truncated to theories belonging to the generic Jordan family generated by reducible Jordan algebras (R ⊕ J A 2 ) [28, 15] . The isometry groups of the scalar manifolds of the truncated 5D theories are:
In the decomposition (2.6) of J (5) and SO(9, 1)/SO (9) . The vectors in these theories transform in the spinor representation of SO(1, n T ). In order to cancel gravitational anomalies n H hypermultiplets must be included so that the well known relation (13) n H = 273 + n V − 29n T is fulfilled. For the magical supergravities this condition gives the values (n T , n V , n H ) for the four models: (2, 2, 217), (3, 4, 190) , (5, 8, 136 ) and (9, 16, 28) . The above condition ensures the vanishing of the term ∼ trR 4 . We will discuss in more detail the anomaly cancellation in the last section.
6D parent theories of the Minkowskian Jordan supergravities.
The procedure we follow to obtain the parent theories in six dimensions of the fivedimensional Minkowskian MESGT's, is identical to the one used in the previous section to obtain the parent theories of the magical supergravities.
The traceless element of J R (1,N ) is of the form:
• number of vector fields : N
• number of tensor multiplets :
The traceless element of J N ) is of the form:
• number of vector fields : N • number of tensor multiplets :
• number of vector fields : 8 • number of tensor multiplets : 4 Anomaly cancellation condition, (4.3), specifies the number of hypermultiplets in each of the series of the above models:
• n H = 165 Among the above models the one corresponding to J O (1,2) accomodates the maximum number of vectors: J O (1,2) −→ n V = 8, n T = 4, n H = 165, while there is a model with one tensor multiplet: J R (1,2) −→ n V = 2, n T = 1, n H = 246. The tensor and vector fields in the 6D models transform in the vector and spinor representation of SO(1, n T ), respectively. As we will see in the next section this is very restrictive for the allowed gauge group.
Discussion -Open Problems
We reviewed the magical supergravities in five and six dimensions, defined by the four simple Euclidean Jordan algebras of degree 3. These correspond in five dimensions to N = 2 MESGT's in which all the vector fields transform irreducibly under a global symmetry group of the Lagrangian and whose target manifolds are symmetric spaces.
In addition, we reviewed the MESGT's defined by the Minkowskian Jordan algebras. We extended the results of [15] to include parent 6D models of the Minkowskian Jordan MESGT;s. The anomaly cancellation condition (4.3) restricts the field content and limits the possible models to J
(1,2) . A full analysis of these models will appear elsewhere [30] together with an analysis of the magical models in 6D (including gauged models [15] ) from the point of view of anomaly cancellation. More specifically, in six dimensions, irreducible anomalies ∼ trR 4 , ∼ F 4 have to be absent. Once these conditions are satisfied, the anomaly polynomial contains the following terms [31, 32] :
For the case of the magical octonionic model, the first term yields n T −9 which vanishes identically for n T = 9 while for the rest of the models this term is present. The rest of the anomalies can be treated with a suitable type Green-Schwarz mechanism [30] . Stringy origins of magical supergravities have been of great interest. Although stringy constructions of some of them are known with or without hypermultiplets [15, 16, 17, 18, 19, 20] , a full treatment is missing. The main obstacle to this is the abelian nature of the vector fields which transform in the spinor representation of SO(1, n T ). On the other hand, F-theory compactifications on Calabi-Yau threefolds provide a large class of N = (1, 0) 6D models [33, 34] . Recently, a systematic analysis of anomaly free 6D models in the context of F-theory has been developed [23, 22, 21] . In this analysis every consistent 6D theory is associated with an integral lattice that is determined by the anomaly constraints. Next, data of the integral lattice are mapped to topological data of F-theory. Not all of the lowenergy consistent 6D models seem to have an F-theory realization. Since the gauge groups of the 6D models considered in [23, 22, 21] were assumed to contain no abelian factors, the realization of the Jordan 6D models in this context seems to be impossible.
At the time of writing this work, two interesting works [36] , [35] towards the direction of embedding N = (1, 0) 6D supergravity models with abelian factors in F-theory, drew our attention. In these papers, anomaly constraints are analyzed and the number of abelian factors is bounded in terms of tensor multiplets for purely abelian theories. It will be interesting to check the special class of Jordan supergravities under this framework.
